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Abstract. We prove new interaction Morawetz type (correlation) estimates in one and 
two dimensions. In dimension two the estimate corresponds to the nonlinear diagonal 
analogue of Bourgain's bilinear refinement of Strichartz. For the 2d case we provide a 
proof in two different ways. First, we follow the original approach of Lin and Strauss but 
applied to tensor products of solutions. We then demonstrate the proof using commutator 
vector operators acting on the conservation laws of the equation. This method can be 
generalized to obtain correlation estimates in all dimensions. In one dimension we use 
the Gauss- Weierstrass summability method acting on the conservation laws. We then 
apply the 2d estimate to nonlinear Schrodinger equations and derive a direct proof of 
Nakanishi's scattering result for every L^-supercritical nonlinearity. We also prove 
scattering below the energy space for a certain class of L^-supercritical equations. 



1. Introduction 

In this paper we obtain ne a priori estimates for solutions of the nonlinear Schrodinger 
equation in one and two dimension. We also provide a systematic way to obtain the 
known interaction a priori estimates for dimensions higher than three. These estimates 
are monotonicity formulae that take advantage of the conservation of the momentum of 
the equation. Due to the pioneering work [19], estimates of this type are referred to as 
Morawetz estimates in the literature. We then apply these estimates to study the global 
behavior of solutions to the nonlinear Schrodinger equation. To be more precise we want 
to study the global-in-time behavior of solutions to the following initial value problem 

iut + Au- |n|P-iu = 0, X G M", t£R, 
u{x,0) = Uo{x) E H'{W). 

with p > I. Here we investigate the L'^-supercritical equation in two dimensions under the 
natural scaling of the equation, and thus we restrict p to p > 3. Scaling refers to the fact 
that if u{x, t) is a solution to (jl.ip then 

u^{x,t) =X~l^u{j,^) 

is also a solution. The problem is then called ff'^-critical if the scaling leaves the homoge- 
neous H'^ norm invariant. This happens exactly when s = § — We denote the critical 
index by Sc and thus 

(1.2) ^ ' 
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The problem of the existence of local-in-time solutions for (jl.ip is well studied by many au- 
thors and a summary of the results can been found in [3j, [4J, and [24J. Thus depending on 
the strength of the nonlinearity and the dimension, the local solutions are well understood. 
In this paper we will consider problems that are locally well-posed and refer the reader to 
and ^24J for the proofs. The local well-posedness definition that we use here reads as 
follows: for any choice of initial data uq G ^ there exists a positive time T = T{\\uo\\h!>) 
depending only on the norm of the initial data, such that a solution to the initial value 
problem exists on the time interval [0, T], it is unique in a certain Banach space of functions 
X C C([0,r],i/|), and the solution map from to C([0,T],i/|) depends continuously 
on the initial data on the time interval [0, T]. If the time T can be proved to be arbitrarily 
large, we say that the Cauchy problem is globally well-posed. To extend a local solution 
to a global one, we need some a priori information about the norms of the solution. This 
usually comes from conservation laws. For example solutions of equation (jl.ip satisfy mass 
conservation 

(1.3) ll^^(i)llL2 = I|wo||l2 

and smooth solutions also satisfy energy conservation 

(1.4) E{u){t) = \ [ \Vu{t)fdx + ^ / \u{tW+^dx = E{uo). 

These two conservation laws identify and as important spaces concerning the initial 
value problem (jl.ip . We can use them to extend the local solutions for all times. For exam- 
ple based on energy conservation we immediately get that for initial data u(to) = uo £ 
we have that ||w(t)||_f/i ^ C'(?xo, to) for all times. In general assume that we have an a priori 
estimate of the form 

\\u{t)\\H^ < C{uo,to). 

In order to use this information to iterate the local solutions, the time of local resolu- 
tion T, has to be estimated from below in terms of the norms of the initial data in H^, 
T > M(||?io||_f/s), for some strictly positive and non increasing function M. This is not the 
case for the norm of the L^— critical problem which corresponds to the case ofp = 1 + ^, 
since the local time depends not only on the norm of the initial data but also on the profile. 
On the other hand since the equation (jl.ip is energy subcritical in dimensions one and two 
for any p we have that T > M(||no||//i). Thus one can iterate the local resolution and 
solve the Cauchy problem at time tk-i {1 < k < oo) with initial data u{tk-i) up to time 
tk = tk-i + Tfc with local time > M{\\u{tk-i)\\H^). Now if the series X^T^ converges, 
then on one hand Tk tends to zero, but on the other hand > M{C{u(),tQ, I)) where 
I = [to, to + Yl'^k] which is a contradiction. Thus the series X^Tyt diverges and u can be 
continued for all times in H^. 

In the situation that the Cauchy problem is globally well-posed, we can address the ques- 
tion of describing and classifying the asymptotic behavior in time for global solutions. A 
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possible method to attack the question is to compare the given dynamics with suitably 
chosen simpler asymptotic dynamics. The method applies to a wide variety of dynamical 
systems and in particular to some systems defined by nonlinear PDE, and give rise to the 
scattering theory. For the semilinear problem (jl.ip . the first obvious candidate is the free 
dynamics generated by the group S{t) = e**^. The comparison between the two dynamics 
gives rise to the following two questions. 

(1) Let v^{t) = S{t)u^ be the solution of the free equation. Does there exist a solu- 
tion u of equation (jl.ip which behaves asymptotically as w + as t ^ oo, typically in the 
sense that for a Banach space X 

(1.5) \\u{t) — v+\\x ^ 0, when t ^ oo. 

If this is true then one can define the map 0+ : n(0). The map is called the wave 

operator and the problem of existence of u for given u+ is referred to as the problem of the 
existence of the wave operator. The analogous problem arises as t — oo. 

(2) Conversely, given a solution u of does there exist an asymptotic state u+ such 
that V-^.{t) = S{t)u+ behaves asymptotically as u(t), typically in the sense of (jl.Sp . If that 
is the case for any u with initial data in X for some n+ G X, one says that asymptotic 
completeness holds in X. 

Asymptotic completeness is a much harder problem than the existence of the wave oper- 
ators except in the case of small data theory which follows pretty much from the iteration 
method proof of the local well-posedness. Asymptotic completeness requires a repulsive 
nonlinearity and usually proceeds through the derivation of a priori estimates for general 
solutions. As we have already mentioned, these estimates take advantage of the momentum 
conservation law 



where a{x) is a convex function, tt is a solution to (jl.ip and Ma{t) is the Morawetz action 
defined by 



One can use this identity as a starting point and derive a priori interaction Morawetz in- 
equalities. These estimates can be achieved by translating the origin in the integrands of 
(1.7) to an arbitrary point y and then averaging [11] against the mass density \u{y)\'^dy, 
or by considering the tensor product of two solutions of (jl.ip and use the fact that the 
operation of tensoring the two solutions, results again in a defocusing nonlinearity. Both 
of these methods depends on the fact that for dimension n > 3 the distribution — AA|x| is 

In fact, one can write an identity. 
■^This idea emerged in a conversation between Andrew Hassell and Terry Tao. 



(1.6) 





dxdt < sup I Ma (t) I 

[0,T] 
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positive. The estimate one can obtain for n > 3 is 

(1-9) ll^-'^(kP)llL?Li<ll«ll .^lkllLi»Li 

For n = 3 this estimate reduces to 



(1.10) I|w||r4r4 5", ll""!! i|l^llr°°r2. 

This estimate is historically the first interaction Morawetz estimate and was obtained in 
|11| . For n > 4 it was derived in [23], [25]. The estimate in three dimensions has important 
consequences. It can be used to prove scattering in the energy space for the 3d problem for 
any p — 1 > | . This result was obtained in [16] , but the estimate (ll.lOj) gives a very short 
and elegant proof. One can also combine this estimate with the "/-method" to show jllj 
global well-posedness and scattering to the 3d cubic nonlinear Schrodinger equation below 
the energy space. 

For solutions below the energy threshold the first result of global well-posedness was 
established in [2] by decomposing the initial data into low frequencies and high frequencies 
and estimating separately the evolution of low and high frequencies. The key observation 
was that the high frequencies behave "essentially unitarily" . The method was applied to the 
cubic equation in two dimensions and established that the solution is globally well-posed 
with initial data in H^{M.'^) for any s > |. Moreover if we denote with St the nonlinear 
flow and with S{t) = e**^wo the linear group, the high/low frequency method shows in 
addition that {St — S{t))uo £ H^{M.'^) for all times provided uq € H'^,s > |. Inspired by 
[2], the /-method (see [11] and references therein) is based on the almost conservation of 
a certain modified energy functional. The idea is to replace the conserved quantity E{u) 
which is no longer available for s < 1, with an "almost conserved" variant E{Iu) where / 
is a smoothing operator of order \ — s which behaves like the identity for low frequencies 
and like a fractional integral operator for high frequencies. Thus, the operator / maps //| 
to H].. Notice that lu is not a solution to (jl.ip and hence we expect an energy increment. 
This increment is in fact quantifying E{Iu) as an "almost conserved" energy. The key is to 
prove that on intervals of fixed length, where local well-posedness is satisfied, the increment 
of the modified energy E{Iu) decays with respect to a large parameter A^. (For the precise 
definition of / and we refer the reader to Section 2.) This requires delicate estimates on 
the commutator between / and the nonlinearity. 

In addition to the scattering problem, a frequency localized version of (jl.lOp was a 
main ingredient in the proof that the i/^-critical NLS is globally well-posed and scatters in 
3d, [T2]. Note that if ()1.9p were true for n = 2 we would have 

(1-11) \\DH\u?)\\l-^lI<\M^^^iMltli- 

This estimate can be consider as the diagonal, nonlinear analogue of the bilinear refinement 
of Strichartz in |2J, and would have many interesting applications. A weaker local-in-time 
estimate was recently obtained 



:i-i2) \Mli^Li^Tnuo\\Li\ 



\u\\ 
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This estimate is very useful since the L'^L'^ norm is a Strichartz norm and can help one to 
get a global solution assuming the control on the local norms. Note the restriction that u 
has to be at least as regular as an H^^'^ solution. This estimate was recently improved ^ to 
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(1-13) \Mi4L4 <T-^\\uo\\l2\\ur .1- 

This a priori estimate along with the /-method was used to establish global well-posedness 
for the cubic nonlinear Schrodinger equation in 2d for any s > |. Note that these refine- 
ments suggest the global Strichartz estimate which would immediately imply for = 0, 
global well-posedness and scattering for the L^-critical problem 



:i.i4) \\u\\i.r.<Tnuo\\%-'^\\u\ 



Unfortunately an argument in [H] shows that using the above methods, estimate (|1.13p is 
the best possible. 

A byproduct of our analysis in [9j provides a new estimate in one dimension which reads 



(1-15) IkllL^ie <r6||no||i|||n||5^^i 



This estimate was used to prove |13j global well-posedness for the Id L^-critical problem for 
any s > |. Note that for all the above problems the solution is below the i/^/^ threshold 
and the a priori estimates are not applicable. One has to introduce a smooth cut-off of the 
initial data and control certain error terms using multilinear harmonic analysis techniques. 

In this paper we prove that (jl.lip is indeed true. It is proved by refining the tensor product 
approach that we mentioned above. Using Sobolev embedding, an immediate consequence 
of (jl.lip is the following 

(1-16) I|li|l?4r8 5-, ll'Uoll7'2 ||u|| ■!• 

V ; II IIL^L« ~ II U||_L^|| ll^ooj^^ 

One can use this estimate to obtain a simplified proof of the scattering result in [20], in 
two dimensions for any p > 3 which avoids the induction on energy argument and produces 
a better bound on the spacetime size of the solution. For completeness we present the proof 
in Section 4. 

We now state the main Theorems of this paper. The estimates contained in Theorems 
1.1 and 1.2 below were simultaneously and independently obtained ([21], [22]) by Planchon 
and Vega. 

Theorem 1.1 (Correlation estimate in two dimensions). Let u be an H2 solution to (II. ip 
on the spacetime slab I xM?. Then 

(1-17) II^^(H2)IIl?l|<HI ^^Nk-Li 
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Theorem 1.2 (Correlation estimates in one dimension). Let u be an solution to (jl.ip 
on the spacetime slab / x M. Then 



:i-18) l|9.(|n|2)||,,^j < llnllt^JI^P 



and 

(1-19) ll'"llL|+=*Lg+^ ~ ll^llit°°L2 ll^llLf=J/i 

Theorem 1.3 (Asymptotic completeness in H^{M?)). Let uq £ H^(E?). Then, there exists 
a unique global solution u to the initial value problem 

iut + An = \u\^^^u, p > 1, 
n(0, x) = uq{x). 

Moreover, if p > 3 there exist u± G H^{M.'^) such that 

\\u{t) — e'^^^u±\\ffim2\ — > as t ^ ±00. 



:i.2o) 



Theorem 1.4 (Asymptotic completeness below ff^(M^)). Let uq E i?*(M^). Then, for 
each positive integer k > 2, there exists a regularity threshold Sfc = 1 — such that the 
following initial value problem 



(1.21) 



iut + Au = |np^'n, k>2, 
u{0, x) = uo{x). 



is globally well-posed and scatters provided s > Sk- In particular there exists u± G iJ' 
such that 

\\u{t) — e^^^u±\\jjs^^2\ — > as t ^ ±00. 



We note that the estimates (jl.lSp and (jl.l7p come from the linear part of the solution 
and thus are true for any nonlinearity, while estimate (jl.lOp comes form the nonlinear part. 
Actually the proof of Theorem 1 shows that the following estimate is true for any n > 2 
(with the appropriate interpretations of course when the power of the derivative operator 
is positive or negative) 



n — 3 



\\D 2 (\u\ )\\t2t2 < ||n|| 1 lllill rcx) r2 . 

The basic idea behind these new estimates is to view the evolution equations as describing 
the evolution of a compressible dispersive fluid whose pressure is a function of the density. 
In this case the mass and momentum conservation laws describe the conservation laws of 
an irrotational compressible and dispersive fluid. There is a difference though in one and 
two dimensions. In two and higher dimensions we use commutator vector operators that 
act on the conservation laws. In dimension one we use the heat kernel. More precisely, we 
introduce into the Morawetz action the error function 



/X 
e'^^dt 
-00 



scaled by e whose derivative is the heat kernel in one dimension. We define the operator 
that is given as a convolution with the error function and apply it to the conservation laws 
of the equation. Integration by parts produces the solution of the one dimensional heat 
equation. Sending e to zero we recover the estimates. This way the mass density plays the 
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role of the initial data of the linear heat equation and the method is nothing else than the 
Gauss- Weierstrass summability method in classical Fourier Analysis. Again for details the 
reader can consult Section 4. 



The rest of the paper is organized as follows. In Section 2 we introduce some notation 
and state important propositions that we will use throughout the paper. In Section 3 
we present the proofs of the correlation estimates in all dimensions and provide a general 
framework for obtaining similar estimates. In Section 4 we prove the scattering result 
for the -L^-supercritical nonlinear Schrodinger in two dimensions (Theorem II. 3p . Finally 
in Section 5 we prove global well-posedness and scattering below the energy space of the 
initial value problem ()1.2ip (Theorem 11.41 ) 



2. Notation 

In this section, we introduce notations and some basic estimates we will invoke through- 
out this paper. We use A < B to denote an estimate of the form A < CB for some constant 
C. li A < B and B < A we say that A ^ B. We write A <^ B to denote an estimate of 
the form A < cB for some small constant c > 0. In addition (a) := 1 + |a| and ait := a ± e 
with < e < 1. 

We use L^(M"') to denote the Banach space of functions / : M" — > C whose norm 

\f{x)\^dx] 



is finite, with the usual modifications when r = oo. 

-q jT 



We use LlU^ to denote the spacetime norm 



q/r \l/q 



\H\q,r ■= ll-i^llLfLjCRxR") ■= {jj^j^^ \u{t , x)\'' dx^ dt 

with the usual modifications when either g or r are infinity, or when the domain M x R"' is 
replaced by some smaller spacetime region. When q = r we abbreviate LlL^ by ^. We 
define the Fourier transform of f{x) G -L^(M") by 

/(O = / e-2-«-/(x)dx. 

JR" 

For an appropriate class of functions the following Fourier inversion formula holds: 

fix) = [ e2-«-/(0(dO- 



Moreover we know that the following identities are true: 



(1) = (Plancherel) 

(2) /ig„ f{x)g{x)dx = /jg„ f{^)g{0{dC), (Parseval) 

(3) TgiO = f*m = /ru /(e - 6)5(6)^^6, (Convolution). 
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We will also make use of the fractional differentiation operators |V|* defined by 
These define the homogeneous Sobolev norms 

\\f\\m--= lllvr/llLi 

and more general Sobolev norms 
where, (V) = (1 + \V\^)^. 

Let e**^ be the free Schrodinger propagator. In physical space this is given by the for- 
mula 

for i 7^ (using a suitable branch cut to define (Anit) 2 ) , while in frequency space one can 
write this as 

(2.1) e^(e) = e-^'^'^*i«i'/(e). 

In particular, the propagator obeys the dispersive inequality 

(2.2) <|tr^ll/llLi 
for all times t ^ 0. 



We also recall Duhamel's formula 



(2.3) u{t) = e^(*-*o)^n(to) - i / e'^'-''^^ {iut + Au){s)ds. 



to 

Definition 2.1. A pair of exponents {q,r) is called Schrodinger-admissible if {q,r,n) 7^ 
(2,00,2) 

2 n n 

- + - = -, 2<r<oo. 
q r 2 

For a spacetime slab / x M^, we define the Strichartz norm 

Il/ll50(/) ■= sup ||/||l9L5(/xR")- 
{q,r) admissible 

Then, we have the following Strichartz estimates (for a proof see [17] and the references 
therein): 

Lemma 2.2. Let I be a compact time interval, to I , s > 0, and let u be a solution to the 
forced Schrodinger equation 



iut + Alt = 



i=l 
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for some functions Fi, . . . , F^. Then, 



Lj'L^*{/xM") 



m 

(2.4) ll|Vr^x||sO(,) < \\u{to)\\^^ + ^ IIIVI^F, 

i=l 

for any admissible pairs {qi,ri), 1 < i < m. Here, p' denotes the conjugate exponent to p, 
that is, 1 + ^ = 1- 

The reader must have in mind that wherever in this paper we restrict the functions in 
frequency we do it in a smooth way using the Littlewood-Paley projections. To address 
the frequency locahzation in a more precise way we need some Littlewood-Paley theory. 
Specifically, let ip{S,) be a smooth bump supported in |^| < 2 and equalling one on |^| < 1. 
For each dyadic number G 2^ we define the Littlewood-Paley operators 

p^fiO ■■= v{C/N)fiO, 

^fiC) := [l-(^(^/iV)]/(e), 



Similarly, we can define P<:n, P>n, and Pm<-<n '■= P<N — P<M, whenever M and N 
are dyadic numbers. We will frequently write f<N for P<Nf and similarly for the other 
operators. Using the Littlewood-Paley decomposition we write, at least formally, u = 
Pjyu. We can write u = '^u^ and obtain bounds on each piece separately or by 
examining the interactions of the several pieces. We can recover information for the original 
function u by applying the Cauchy-Schwarz inequality and using the Littlewood-Paley 
Theorem [23] or the cheap Littlewood-Paley inequality 

\\Pnu\\lp < \\u\\lp 

for any 1 < p < oo. Since this process is fairly standard we will often omit the details of 
the argument throughout the paper. 

We also recall the following standard Bernstein and Sobolev type inequalities. The proofs 
can be found in p3] . 

Lemma 2.3. For any I < p < q < oo and s > 0, we have 

\\P>Nf\y^<N-^\\V\'P>r,f\y^ 

\\\WP<Nf\\Ll<N'\\P<Nf\\L-^ 

m^'PNfh^^-^N^iPNfh^^ 

\\P<Nf\\L^^<Ntl\\p^^f\\^, 
\\PNf\\L^^<N-p-^\\PNfhp. 



For > 1, we define the Fourier multiplier I := In 

Inu{£,) := mAr(Ou(0, 
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where is a smooth radial decreasing function such that 

Thus, / is the identity operator on frequencies |^| < and behaves hke a fractional integral 
operator of order 1 — s on higher frequencies. In particular, / maps to H^. We collect 
the basic properties of the / operator into the following 

Lemma 2.4. Let I < p < oo and < a < s < 1. Then, 
(2.5) l|//llp<ll/llp 



(2.6) ll|VrP>7v/||p<iV"~'llV//|| 

(2.7) \\f\\m<\\If\\m<N'-^\f\\Hs. 



p 



Proof. The estimate ()2.5p is a direct consequence of Hormander's multiplier theorem. 
To prove (j2.6p . we write 

iiivrp>jv/iip = iip>jvivr(v/)-iv//iip. 

The claim follows again from Hormander's multiplier theorem. 
Now we turn to (j2.7p . By the definition of the operator / and (j2.6p . 



\m ^ \\P<Nf\\H^ + \\P>Nf\\2 + |||Vl^P>iv/||2 

< ||P<^//||^i +iV-iV//||2 + iV^-iV//||2 < 
On the other hand, since the operator / commutes with (V)*, 

WlfWm = \\{V)'-'I{Vrf\\2 < N'-mVYfh < N'-'\\f\\m, 



which proves the last inequality in (|2.7p . Note that a similar argument also yields 

\Hi<N'-'\\f\\m- 



(2.8) <A^'-11/I1 



□ 



3. Correlation estimates in all dimensions. 
We consider solutions of the following equation 
(3.1) iut + Au= |u|P"^n, {x, t) G x [0, T]. 

We want to obtain a monotonicity formula that takes advantage of the momentum conser- 
vation law of the equation 

p{t) = Q(u{x,t)Vu{x,t)) =p{0). 
We define the Morawetz action 

Ma{t) = 2 1 Va(x) . 9(M(x)Vn(x))(ix 
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where a : M" — > M, a convex and locally integrable function of polynomial growth. By 
differentiating Ma{t) with respect to time and using the conservation laws of the equation 
we will obtain a priori estimates for solutions of (j3.ip . To accomplish that we make a clever 
choice of the weight function a(x). We note that in all of the cases that we will consider we 
pick a(x) = /(|a;|) where / : R ^ M is a convex function with the property that f'{x) > 
for X > 0. Then a simple calculation shows that the second derivative matrix of a(x) is 
given by 

d.dMx) = /"(l-l)^ + ^i^k, - ^) 

But then the quadratic form {yjUk \ djdka{x)) is positive definite since 

{y0k I d,dka{x)) = + f\\x\){\y\^ - ^^^) > 

by the Cauchy-Schwarz inequality 

\x ■ y\ < Ixllyj. 

As a final comment for the careful reader we note that in all our arguments we will assume 
smooth solutions. This will simplify the calculations and will enable us to justify the steps 
in the subsequent proofs. The local well-posedness theory and the perturbation theory 
[4j that has been established for this problem can be then applied to approximate the 
solutions by smooth solutions and conclude the proofs. For most of the calculations in this 
section the reader can consult [l2], [21]. 

The equation satisfies the following local conservation laws. 

Local mass conservation 

dtp + djPj = 

and local momentum conservation 

(/ p+l p — 1 £+1 

where 



1, .2 



is the mass density, 

is the momentum density, and 



p = —lu 



Pj = Q{udju) 



is a stress tensor. Using the identity 
we can write 

^ifc = -{PjPk + djpdkp) = 2^{dkudju). 

In what follows we will use both definitions of 0"^^ according to what we find more ap- 
propriate with the situation at hand. Note that integration of the first equation leads to 
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mass conservation while integration of the second leads to momentum conservation. We 
are ready to prove the generalized virial identity [18j . 



Proposition 3.1. If a is convex andu is a smooth solution to equation (j3.ip on [0,T] xM" 
Then, the following inequality holds: 

(3.2) [ [ {-AAa)\u{x,t)\'^dxdt< sup \Ma{t)\, 

Jo Jr" IQ,T] 
where Ma{t) is the Morawetz action and is given by 

(3.3) Ma{t) = 2 Va(x) • '=j{u{x)Vu{x))dx. 
Proof. We can write the Morawetz action as 

Mait) = 2 {dja)pjdx. 

Then 

dtMait) = 2 ^ {dja)dtPjdx = 2 ^ djO (^-dk (^ajk + (^-Ap + 2^^^^p'^^ dx 



p+i p — 1 p+i 

2 I {djdka)ajkdx — 2 j djadj[—Ap + 2 2 ^ 2 ^ dx 



4 / {djdka)^{dkudju)dx + 2 [ Aa i-Ap + 2^- — ^p^] dx = 

4/ {djdka)^{dkudju)dx + 2 f {- AAa) pdx + 2^ [ {Aa)p^dx = 

4/ {djdka)^{dkudju)dx+ [ {- AAa)\u\^ dx + ~ f {Aa)\u\P+^dx. 
Jr" jr" p + 1 Jk" 

To prove this identity we used the local conservation of momentum law, integration by 
parts and the definitions of p and ajk- But since a is convex we have that 

4{djdka)^{djudku) > 
and the trace of the Hessian of djdkO which is Aa is positive. Thus, 

/ {-AAa)\u\^dx <dtMa{t) 
Jr" 

and by the fundamental theorem of calculus we have that 

(3.4) / / {-AAa)\u{x,t)\'^dxdt< sup \Ma{t)\. 

Jo Jr" [o,r] 

□ 
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3.1. Interaction Morawetz inequality in dimension n > 3. Using the approach above 
we can derive correlation estimates that are very useful in studying the global well-posedness 
and the scattering properties of nonlinear dispersive partial differential equations. For 
clarity in this subsection we reproduce some calculations that have appeared in [9]. Let Ui, 
Fi be solutions to 

(3.5) iut + An = F{u) 

in nj— spatial dimensions. Define the tensor product u := {ui ® U2){t,x) for x in 

^ni+n2 ^ {(xi,X2) : Xi eW\X2 G M"^} 

by the formula 

(ui (g) U2){t, X) = Ul{xi,t)u2{x2, t). 

We abbreviate u{xi) by Ui and note that if ui solves (|3.5p with forcing term Fi and U2 solves 
(|3.5p with forcing term F2, then ui®U2 solves (|3.5p with forcing term F = Fi0M2 + -^2<X'tii. 
We have that 

P = \ = 2/91/32, 



Pk = Q{uiU2dj{uiU2)) = {Pk{ui) ® \u2\'^,Pkiu2) ® {uil"^) 



ajk = 2^{dj{uiU2)dk{uiU2)) = 2 {ajk{ui) (g) |u2p + crjk{u2) ^ 1^*1 , 

where pi = i = 1,2, and similarly for Pk{ui), CTjk{ui). Then the local conservation 

laws can be written in the following way 

dtp + djPj = 



dtPk + dk {ajk - Skj^P + G) = 

where 

G = 2^^^ (Gi ® |tx2p + G2^ > 
p + 1 

p+i 

and Gi = G{ui) = p,; ^ • Of course in this setting V = (V^;^, V^a) and A = A^.^ + A^-j. 

If we now apply Proposition 13.11 for the tensor product of the two solutions we obtain 
for a convex functions a that 

(3.6) / / (-AAa)lni (g)U2p(x,t)dxdt < sup |Mf2(t)| 

[0,T] 



"1 »iin>n9 
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where again A = A^.^ + A^j the Laplacian in M"i+"2 g^j^d M®'^{t) is the Morawetz action 
that corresponds to ui U2 and thus 

= 2 / Va(x) • 9 (iii n2(x)V(ni ® U2{x))) dx = 



"1 MlH'i'J 



Ma(ni(t)) |U2P + Ma{u2{t)) juip. 

Nowwe pick a(a;) = a(a;i,X2) = |xi —X2I where (xi, X2) gM"xM". Then an easy calculation 
shows that 



r Ci5(xi-X2) ifn = 3 
-AAa(xi,X2) = | c, if^>4 



|a;i-X2P 

where Ci,C2 are constants. Applying equation (j3.6p with this choice of a and choosing 
Ml = ii2 we get that in the case that n = 3 

Jo Jr3 

and in the case that n > 4 



I / Kx,t)r(ix<sup|M,«2(t)| 

JR3 [0,T] 



u{x2,t)\''P^^^^dxidX2dt < sup lM„«2(i)|_ 
iR"(giR" |X1— X2I [o,T] 



But 



M(x2,t)|^ ^ '\ dxidx2dt = / / * ■p-f3^)(x)|n(x)p(ixdt. 

JR"(giIR» ' Fl — X2\ Jo 



Now we define for n > 4 the integral operator 

D-(--'^f{x) := [ -^^dy 

where D stands for the derivative. This is indeed defined since for n > 4 the distributional 
Fourier transform of |x|~^ is given by 

|rP(^) = [^|-{-3). 

By applying Plancherel's Theorem and distribute the derivatives we obtain that 



/ \u{x2,t)\'^ \'^^^^'^\ dxidx2dt = I I \D-^{\u{x)\'^)\'^dxdt. 

yR"(g)R" Fl— 3;2| Jo Jr" 

Thus we obtain that 

/ \D-'^{\u{x)\'^)\'^dxdt < sup |Mf 
'0 Jr" [o,t] 

For the sake of simplicity we combine the two estimates for n > 3 pretending that = 1 
into 

\\D-^i\uix)\')\\l,,, <snp\M^-it)\. 
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It can be shown using Hardy's inequahty (for details see [llj) that for n > 3 

sup|M,(t)| <sup||t/(t)f 1 

[0,T] [0,T] ^ ^ 

Since we have that 

Mf2(t) = Ma{ui{t)) ® \U2? + Ma{u2{t)) ® \ui\'' 

we obtain 

(3.7) p-'^(K^)P)lli2^2 <sup||^(i)f.J|n(t)||i. 

[0 T] 

which is the interaction Morawetz estimates that appears in [llj and in [26j . 

Remark 3.2. The above method breaks down for n < 3 since the distribution — AA([x|) is 
not positive anymore. 

3.2. Interaction Morawetz inequality in two dimensions. In two dimensions in [9], 
we follow an alternative approach. In that case (xi,X2) G X The idea IS again 
to consider the tensor product of two solutions but with a different weight function. We 
couldn't prove that — AAa(x) is positive. Instead we obtained a difference of two positive 
functions and we balanced the two terms by picking the constants in an appropriate way. 
The details were as follows. 



Let / : [0, oo) — > [0, oo) be such that 

r ^x2(l-logf) ifkl<^ 

f{x) := < WOx if |x| > M 

smooth and convex for all x 

and M is a large parameter that we will choose later. It is obvious that the functions 
2^x^(1 — log and lOOx are convex in their domain, and the graph of either function lies 
strictly above the tangent lines of the other. Thus one can construct a function with the 
above properties. Note also that for x > we have that f'{x) > 0. If we apply Proposition 
13.11 with the weight a{xi,X2) = fi\xi — X2I) and tensoring again two functions we conclude 
that 

/ / {-AAa{xi,X2))\u{xi,t)\'^\u{x2,t)\'^dxidx2dt <2sup\M^^{t)\ 
Jo JM2xR2 [o,r] 

But for |xi — X2I < we have that Aa(xi, X2) = log( ^^-^^^^^ ) and thus 

-AAa(xi,X2) = —6{^^=^,^y. 

On the other hand for |xi — a;2| > M we have that 

-AAa(xi,X2) = 0{- ^) = 0{^). 

\Xi — X2\ M-^ 

We have a similar bound in the region in between just because a(xi,X2) is smooth, so all 
in all, we have 

47r 1 
-AAa(xi,X2) = — 5{^i=^.2} + 0(^). 
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Thus 



T r 1 '■'^ 



{—AAa{xi,X2))\u{xi,t)\ \u{x2,t)\ dxidx2dt = 0{—) / / \u{x,t)\ dxdt+ 

VlR2xR2 M Jq J^2 

^(tt?) f f \u{xi,t)\'^\u{x2,t)\'^dxidx2dt. 

Jo JlR2xR2 

By Fubini's Theorem 

JJ3 / Hxi,t)\'^\u{x2,t)\'^dxidx2dt < —^\\u\\loo^2. 

On the other hand by the analogue of Hardy's inequahty in 2d we have 

sup|M®=^(t)| <sup||^x||2 ^,||nf 1. 
[0,T] [0,T] * L^H^ 

Thus by applying Proposition 13.11 

tTT / / \u{x,t)\'^dxdt < sup \\u\\jooT 2 \\u\\'^ ^ + ir7^\\u\\jooT2. 



Multiplying the above equation by M and balancing the two terms on the right hand side 
by picking 




we get a better estimate than was obtained in [14j 



1 



4 



3.3. A new correlation estimate in two dimensions. Proof of Theorem 1. We 

can refine the tensor product approach of the previous subsection and find a convex weight 
function a{x) such that the distribution — AAa(x) is positive. Notice that so far we have 
used a(r = |x|) such that a(r) ~ r^log ^ for r and a{r) ~ r for large values of r. In 
between we didn't provide an explicit formula but used only the quantitative properties of 
the function. We would like to follow this path one more time and implicitly define a radial 
function a : ^ M such that 



Aa(r) = / slog(-)wrrAs)ds 

Jr f 



where 

1^ otherwise 

and ro > and small. Notice that for r < tq an explicit calculation shows that 

f°° s f°° s 

Aa(r) = / slog{-)wro{s)ds = / s log{-) Wrg (s) ds = 

[ slog(-)^(is = — (l + log — 
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arr{r) H — ar{r) = Aa(r) 



Now if we solve the equation 

with the initial conditions a(0) = and 0^.(0) = we obtain that for r < vq 

Moreover for r > tq we have 

Aa(r) = / s log( -)wro( s)ds = / slog(-)^ds = -. 

Jr Jr r s-^ r 

Solving again 

arr{r) H — ar{r) = Aa(r) 
r 

we obtain that for r > vq 

a{r) = r. 

Thus the weight function a is a function that we have already seen. In addition by the 
definition of w{x) and a{x) we have that 

Aa > 

and 



/ WrQ{\x\)dx = — or I sWro(s)ds = —. 
Jk2 ro Jo fo 



Aa can be rewritten as 

roo 



Aa = / sWrn(s)log(-)ds — / swro(s)log(-)ds = 
Jo r Jo r 

log(r) + / swro{s)\og{s)ds + / swro{s)\og{-)ds. 

ro Jo Jo s 

By setting logC = ro /q°° swrf){s) log(s)ds we can write 

Aa = — log( — ) + p{r) 
ro r 

where 

r s 

p{r) = / Wro{s)slog{-)ds. 
Jo f 

It is immediate that the Laplacian of the radial function p is WrQ{r) as an explicit calculation 
shows using the fact that 

1 

Ap = Prr + -Pr 

r 

Thus Ap = and 

2-K 

-AAa(|a;|) = —S{\x\) - Wro{\x\) 



We want to apply Proposition 13.11 with a{xi,X2) 



= a{\xi — X2I) to a tensor product of 
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two functions. We need to prove that a(r) is convex and as we have already mentioned this 
will be immediate if we establish that arr > and a,. > 0. Assuming this is true we obtain 

(3.9) 

— / \u{x)\'^dxdt— I I Wrod^l — a?2|)|u(xi)p|n(x2)pdxi(ia?2(ii ^ sup |Af®^(t)|. 

^0 yiR2 Jo yM2xR2 [0,T] 

The left hand side can be rewritten as 

— / \u{x)\'^ dxdt — j j WrQ{\xi — X2\)\u{xi)'\^\u{x2)\^ dxidx2dt = 
^0 782 Jo Jr2xR2 

- — / \u{xi)\^dxidt + - / — / \u{x2)\'^dx2dt— 
2 Jo ^0 Jr2 2 Jo '^o Jr2 

/ / Wroilxi - X2\)\u{xi)\'^\u{x2)\'^dxidx2dt. 

Jo JIR2xM2 

Taking into account that 



/ UJroi\xi - X2\)dXi = — 

JR2 ro 



we can rewrite (|3.9p as 

rT 



{\u{t,xi)\^ - \u{t,X2)\^}^Wro{\xi - X2\)dxidX2dt < sup |Mf2(t)|. 

JR2xR2 [O^T'] 



Since this last estimate is true for every ro > 0, by taking the limit as tq ^ we obtain 

ixidx2dt < 

[0,T] 



Jo JR2xR2 \Xl - X2\'' [o,Tl 



But 

{|^x(t,Xi)|2-Kt,X2)|2}2 



/ 

JlR2 



dxidx2 = \\\u 



2||2 



\xi — X2p H'i 



see for example [1] exercise 7 on page 162. Thus we get 

P'/'H'llk2<sup|MfHi)l- 

' [0,T] 

If Va = jf^Or is bounded, we can estimate M®^{t) as before and obtain the new a priori 
correlation estimate for solutions of (13.111 



|r)l/2| |2||2 < II ||2 II ||2 



Thus it remains to establish that a(r) is convex and that ar{r) is bounded. For r near zero 
we have that o(r) ~ r^log(-) and thus a,, is bounded for small values of r. In particular 
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0^(0) = 0. Using this as an initial condition we can solve in terms of Qr the equation 
Qrr + hcLr = Aa and obtain 



1 r 

ar{r) = - s{Aa){s)ds > 0. 
^ Jo 



/o 

Thus ar > 0. We will shortly show that a,.^ > for any r > and thus ar{r) is a positive 
increasing function. Because of this it is enough to consider the values of for large values 
of r. Recall that 

f°° s 
Aa(r) = / slog{-)wro{s)ds 

Jr ^ 

and that for s > ro, Wro{s) = Thus 

/■°° 1 s 1 

M0 = | ^iog{-)ds = -. 

Since for s > ro we have Aa(s) = i, for r > s > ro we obtain 

1 r 

ar(r) = - ds = 1 
r Jo 

and ttr is bounded. It remains to show that Qrr > for r > 0. To this end notice that 

1 1 r q(r) 

ttrrir) = Aa(r) Oj-fr) = Aa(r) ^ / s(Aa)(s)ds = — tt- 

r r^ Jq 

where 



q{r) = / [2Aa(r) - Aa(s)]sds. 

It remains to show that q{r) > 0. Since q{0) = 0, it is enough to show that qr{r) > 0. An 
elementary calculation shows that 

q^(r) = r[Aa(r) + r(Aa)'(r)]. 

Thus it remains to show that 

Ao(r) + r(Aa)'(r) > 0. 

Recalling one more time that 

Aa(r) = / s\og{-)ws{s)ds. 

J r ^ 

If we differentiate with respect to r we obtain 

1 /■°° 

Aa)'(r) = — / sWrQ{s)ds. 

^ Jr 

Thus 

f°° s 
Aa(r) + r(Aa)'(r) = / s'u;j.„(s) log — ds 
Jr re 

A calculation shows that 



Aa(r) + r(Ao)'(r) 

and thus we are done. 



i log ^ if r < ro 
ifr > ro 
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3.4. Commutator vector operators and correlation estimates. An alternative 
proof of Theorem 1. In this subsection we derive correlation estimates by using commu- 
tator vector operators acting on the conservation laws of the equation. It turns out that 
this method is more flexible and can also be generalized. Recall that 

M^^t) = 2 Va(x) • 9 {ui (g)U2{x)\/{ui «) U2{x))) dx 



is the Morawetz action for the tensor product of two solutions u := (ui ^ U2){t,x) where 
X = (xi, X2) € M" M". If we specialize to the case that ui = U2, a{x) = \x\ and n >2 and 
observe that 

a / X a;i - X2 X2-X1 

dx:^a{xi,X2) = -. r = --. r = -dx2a{xi,X2) 

Fi - X2I \xi - X2\ 

we can view ^(t) — M{t) as 



(3.10) M{t) = I ^ — ■ {p{xi,t)p{x2.,t) - p{x2.,t)p{xi,t)}dxidx2 

where p = \ \u\'^ is the mass density and pj = '^{udju) is the momentum density. Now let's 
define the integral operator 

Z)-("-i)/(x) = / -^f{y)dy 
Jr" \x - y\ 

where D stands for the derivative. This is indeed justified because for n > 2 the distribu- 
tional transform of A is . The main observation is that we can write the action term 

\x\ \^\" 1 

M{t) using a commutator in the following manner, 

Mit) = {[x;D-^^-%it) \pit))- 

This equation follows from an elementary rearrangement of the terms of (j3.10p . This 
suggests that the estimate is derived using the vector operator, which we will denote by X, 
defined by 

X = [x;D-^''-% 

We change notation and write xi := x and X2 ■= y- The crucial property is that the 
derivatives of this operator djX^ form a positive definite operator. Note that in physical 
space 

Xf{x) = [ ^^f{y)dy 
Jr" F - y\ 

and a calculation shows that 

d.X'' = D-^^-'^6kj + [xk;Rj] 

where Rj is the singular integral operator corresponding to the symbol ||p=T- Thus we 
have that 

and acts on function in the following manner 

Rjfix) = -[ ^^^f{y)dy. 
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To see how djX^ acts on functions we associate a kernel with the commutator [x^; Rj], let's 
call it rjk{x,y) and thus 



where 



Thus 



where 



[xk]Rj\f{x) = I rjk{x,y)f{y)dy 

I ^ {xk-Vk){xj -yj) 
^kj{x,y) = ^-^^ 

{djX^)f{x)= [ 7^kj{x,y)f{y)dy 
\x — 



and thus the derivatives of the vector operator X form a positive definite operator. Note 
also that the divergence of the vector field X is given by 

V-X = djX^ = nD~("-i) + [xj;Rj] = (n - 1)0-^''-^^ 
Now if we differentiate 

M(t) = {[x;D-(-~'^]p{t) I m) = {xp{t) I m) 

we obtain that 

(3.11) dtM{t) = (Xdtpit) I m) - {X ■ dtp{t) I p{t)) 

where we have used the fact that X is an antisymmetric operator. Now recall the local 
conservation laws 

(3.12) dtp + djpj = 



(3.13) dtPk + dk (^cTjk + Skj + =0. 

To simplify the calculations we will treat the cubic nonlinearity {p = 3) but the method is 
general and give the same results for the general nonlinearity Thus we have 

(3.14) dtPk + dk {ajk + Skj (-Ap + 2p^)) = 0. 

Applying the operator to the equation (|3.12p and contracting with and similarly applying 
the operator to equation (j3.14p and contracting with p we obtain that 

dtMit) = {akj{t) I (a,X^>(t)) - (pjit) I {d,X')p,it)) + 
{i-Apit) + 2p\t)) 1 id,X^)pit)) 
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Now recalling that 



we have that 



dtM{t) =Pi+P2 + P3 + P4 

where 

(3.15) Pi := {p-^dkpdjp I idjX'')p{t)) 

(3.16) P2 := {p-'pkPj I idjX'')pit)) - {Pj I idjX'')Pk) 

(3.17) Ps := ((-Ap) I {djX^)p{t)) = ii-Ap) \ (V • X)p{t)) 

(3.18) P4 := 2{(p2 I {djX^)p{t)) = 2((p2 | (V • X)p{t)) 

The term Pi is clearly positive since djX^ is a positive definite operator. Let's analyze 
Recalling that —A = we have that 

P3 = ((-Ap) I (V ■ X)p{t)) = {n- l){{D^p) I Z?-("-i)p(i)) = 

(n - l){D-—p I i?- — p(i)) = ^11^5- — (k|2)||i,. 
P4 is also positive since 

P4 = 2((p2 I (V • X)p{t)) = 2{n - l)((p2 I i;-("-i)p(i)) > 

N , , w-1 3 , ra-l 3 , 

2(n - 1){{D — -p2 I D — —p2) > 0. 
Another way to inspect the positivity of this term is by explicitly expressing it as 

^^^,f ,,,, . 1 / \''(f\-(f,,iy > 0. 

7m"xm" p ~ y| 4 JM"xR" p ~ y| 

The only term that its positivity is not immediate is term P2. Recall that 

idjX'')f{x)= I rikj{x,y)f{y)dy 
where the kernel r]kj{x,y) is symmetric. Then 

^2 = / {-r^Pk{x)pj{y) -Pk{y)Pj{x)}r]kj{x,y)dxdy 
J]R"xIR" P\X) 
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By changing variables we get 

f oix] 

P2= {—r^Pk{y)Pj{x)-pkix)pj{y)}r]kjix,y)dxdy 
J]R"xM" P\y) 



and thus 



1 f p(y^ p(x^ 

-^2 = 0/ {-r^Pk{x)Pj{y) + ^-^Pk{y)pj{y)-Pj{x)Pkiy)-Pjiy)pk{x)}vkjix,y)dxdy = 
^ jR"xm Pyx) pyy) 



Thus if we define the two point momentum vector 



we can write 

P2 = \{J'Jk\{diX^))>^ 

since djX^ is positive definite. 

We keep only P3 and after integrating in time we have the main estimate of this paper 
which reads 

P~'^(M')lli2i2 <supM(i). 
It remains to show that M{t) is bounded by the appropriate norms. But 

M{t) = {[x;D-(-%p{t) I pj{t)) < \\pjU4[x;D-(-%p{t)U^ < 

\\pj IIli IIpIIli II [x; IIli^l- • 

Now by Hardy's inequality we have 



while 



WPjWl^ ^ Ikll^i 



Ili = ^ikiii2- 



Finally the operator norm \\[x; is bounded by 1 since for f G L 

Xfix) = [ ^^f{y)dy. 
jRn \x - y\ 



Thus all in all we have that 



\D "^''(hl^)lli2L2 ~ ll'"f -ilklli-La 
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valid for all n > 2. In particular for n = 2 the estimate reads 

which corresponds to the nonlinear diagonal case analogue of Bourgain's bilinear refinement 
of Strichartz estimate, [2]. In this paper we will use the following estimate in 2d 

(3-19) MlfL^^Ml^H^Ml-Li 

which can be obtained by the previous estimate and the Sobolev embedding in two dimen- 
sions since 

Note that the method we used is quite general. Thus we can consider operators of the form 

X ■.= [x: H] 

where H is a selfadjoint operator. The two crucial properties that we need is that djX^ is 
positive and that we can bound the action M(t) for a weight function a(x). We will exploit 
these in a subsequent paper. 

3.5. Correlation estimates in one dimension. Proof of Theorem 2. In this sub- 
section we would like to prove the analogue of (j3.7p in one dimension. Thus we show 
that 

(3.20) \mu\')\\lo.L2 < MI^liIMl^h^ 

for solutions of the one dimensional NLS iut + Uxx = \u\^~^u for any p. Since this is 
a linear estimate as the proof will show the estimate is true for any power nonlinearity. 
We will do the calculations for p = 3 but the same calculations establish (j3.20p for any 
power nonlinearity. We will follow the Gauss- Weierstrass summability method. The local 
conservation laws in one dimension can be written in the following form 
Mass conservation 

(3.21) dtp + dxP = 
and momentum conservation 

(3.22) 

where p = and p 

Define the action 

where 



dtp + dx{2p^ - Pxx + -(/ + pI)} = 
P 

M{t) = / / o.{x — y) p{y)p{x)dxdy 

x — y 

a(x - y) = erf(^^) = / ' e'^'dt 

^ J — oo 
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is the scaled error function. This function is odd and bounded by 1. Its derivative is 

a3;erf( ) = -e > 

which is the heat kernel in one dimension. It is immediate that 

sup|M(t)| < \\u\\l^L2\\u\\^^fj,. 

Notice that the action M{t) can be written as 

M{t) = {Xp \ p) 

where the antisymmetric operator 

X/(x) = (erf(:)*/)(x)= / erf{^^)f{y)dy 

The derivative of this operator is the solution of the heat equation in one dimension 

X'fix) = - [ e-^f{y)dy 

with initial data the function f{x). Since X is antisymmetric and thus {Xf \ g) = — (/ | 
by differentiating the action with respect to time we obtain 

M{t) = {xdtp I p) + {Xp I dtp) = -{dtp I Xp) + {Xp I dtp). 

If we use the conservation laws ()3.2ip and (j3.22p and integrate by parts we have that 

M{t) = Pi + P2 + + A 



where 



But 



Pi = {X'p I -pI), P4 = {Xp I 2p2) 
P 

P3 = {x'p I - p,,), P2 = {x'p I V) - {X'p I p) 

p 

f r 1 (^-y)' n(y) , 
Pi = y y -e ^ ^^pl{x)dxdy > 0. 

P4 = -e ^^p{y)p{xydxdy > 0. 



P2 = / / -e ( — — — -p^(x) — p{x)p{y) I dxdy 



and thus 



2P 



2 



e \p{x) 



(^p'(^) + ^^''(y) - Mx)p{y)) dxdy 
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Thus we have that 

P3 < M{t). 

But 

^3 ^ / / 7^ P{y){- Pxx{x))dxdy > = 



by Plancherel's theorem. Sending e | and integrating in time we obtain (|3.2 

ActuaUy more is true. Notice that since 

1 / ■ ^2 
hm(-e~^e'^ -k p){x) = p{x) 



we have that 



Im^i = jpl{x)dx = ^\\dM^)\\\i: 



hm P2 = 



1 . 

hm P4 = - m 7-6 



Notice that Pi and P3 are hnear estimates and P4 is the nonhnear estimate. Thus if we 
consider a nonhnearity of the form |u|'f'~^ii we have that 



1;™ _ ||„||P+3 
e— *0 2 2~ 



This imphes that for the sohitions of iut + Uxx = 1^1^ we obtain the foUowing a priori 
Id estimate 



IIP+3 



Recahing that the scahng is 
we can easily verify that the above estimate is scale invariant. 



u^{x,t) = A "-^uij^j) 
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4. SCATTERING. PROOF OF THEOREM 3 

In this section we prove Theorem 3. As we have said the first proof of this result was ob- 
tained in [20] with a more comphcated argument using induction on energy. An analogous 
simplified proof of scattering for the L^-supercritical NLS problems in one space dimension 
appears in [lOj. What we have shown so far is that for solutions of the (jl.ip in two dimen- 
sions the following global a priori estimate is true 

(4.1) \\dHH')\\lUI^M^^^iMl?'LI- 

As we have already mentioned by Sobolev embeding and using (j4.ip we obtain that 

(4.2) \\<fLS^\Wf ^Ml^Ll- 

t ^ 

By conservation of energy and mass the estimate implies that 

(4.3) MLfL^ ^ Ce{uo) 

To prove scattering we have to upgrade this control to Strichartz control. Define the 
norms 

llull^i := sup ||(V)n||50. 



1+1 = 1 



Assume that we have 



Divide the real line into finitely many sub-intervals Ij such that on each Ij we have that 

1 1 U 1 1 r 4 r 8 '^5. 

We will show that on each Ij we have the bound 



(4.4) IKIl5i(/,) ~ ll^oll/fi. 

Since there are only finitely many /j's we have 

ll^llsi ^ Ce 

and thus scattering follows by standard arguments. Thus it remains to prove ()4.4p . 

We will suppress the Ij notation for what follows. By Duhamel's formula we have 

rT 

u{x,t) =e''^UQ-i / e'^'-'^^{\u\P-\){s)ds. 
Jo 

By Lemma 12.21 and Holder's inequality we have that 



1^1151 < ikoki + \m{\ur'u)i ,4 < iinoibi + \\\ur\{v)u)\\ 



-IT rs^ \t ~~yj w 11 ~ • III ""I \\"/""/ll 4 ^ 
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^ ll^^olli/l + ||(V)u||rooi2||«^' ^11 4 <||Mo||i/l + ||ii||5l||«^ ^11 4 



^ W^oWm + IkllsllkllLfLsll'^riCp-L^ 8(p-l-e) • 

* ^ r — 3=i r Z=i 

This last inequality follows by the interpolation of the Lp spaces. Thus 

II^IISI ^ II^OIIZ/I + ^^\\u\\sA\uf ~i(p-l-e) S(p-l-e) ■ 

Now we apply Sobolev embedding 

4(p-l-e) 8(p-l-e) ^ 4(p-l-e) 4(p-l-e) 

where 



a 



p — 1 — e 



Note to apply the Sobolev embedding we must have ^ ^^p-li-'e ^ restriction which 

gives p > 3 + I which is acceptable. For the same reason a > 0. Finally note that the pair 

-1- 

"S^^e ' 2p-5-e 



^4(^j_e) ^ Strichartz admissible and thus since a < 1 we have that 



|||V|"u|| 4(p-i-6) 4(p-i-e) < \\u\\si-- 

T a— e T 2p— 5— e 

All in all we have 

11^*1151 ^ ll^iollifi +5'||'U||57' 

and by a continuity argument for e small we obtain 

(4.5) \\u\\s. < Ce. 

We now use this estimate to prove asymptotic completeness, that is, there exist unique u± 
such that 

(4.6) — e'*^'u±||ii-i(K2) — > as t — > ±00. 

By time reversal symmetry, it suffices to prove the claim for positive times only. For i > 0, 
we define v{t) := e~^^'^u{t). We will show that v{t) converges in iJ^ as i — > +00, and define 
u+ to be the limit. Indeed, by Duhamel's formula, 

(4.7) v{t) = uo-i f\-''^{\u\P-^u){s)ds. 

Jo 

Therefore, for < r < 

V{t)-V{T) = -i j\-''^{\u\P-\){s)ds. 
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Arguing as above, by Lemma 12.21 and Sobolev embedding, 



v{t) - v(r)||j^i(K2) 



<II(V)(| 




L|([t,r]xR2) 



4 4 




Ls\\{V)u 



|p-e 



'tg[t,T]4-'jx 



50([i,r])- 



Thus, by (gH) and (f45l) . 



- v{t)\\hi{r) ^ as r,t ^ oo. 



In particular, this imphes u+ is well defined and inspecting (14. we find 



u+ = uo-i e-''^{\u\P~'^u){s)ds. 



Using the same estimates as above, it is now an easy matter to derive (14. 6p . This completes 
the proof of Theorem 3. 

5. Proof of Theorem 5 and comments on further refinements. 

There is a problem when one tries to employ the strategy of Section 4 to prove Theorem 
4. To prove that the problem is globally well-posed and that it scatters we have to obtain 
a priori control on the Strichartz norms. The idea is to upgrade (14. 2 p to obtain control on 
all the relevant Strichartz norms. The problem is that for solutions below the energy space 
the right hand side of (14. 2p is not bounded anymore. Recall that to prove Theorem 3 we 
used strongly the fact that the norm of the solutions was bounded. Then we used this 
bound along with the estimate (j4.2p to bound the norm of the solutions. Thus to prove 
Theorem 4 we have to bound the norm of the solution uniformly in time for s < 1 and 
then use this bound along with ()4.2p . The bound came from conservation of energy and 
we do not have at the moment a conserved quantity at the H'^ level. But we can define a 
new functional 



Because of this we expect the functional E[Iu) to be "almost conserved" in the sense that 
its derivative will decay with respect to a large parameter. This will allow us to control 
E{Iu) in time intervals that the local solutions are well-posed and we can iterate this control 
to obtain control globally in time. Then immediately we obtain a bound for the norm 
of lu which by Lemma 12.41 will give us an iif* bound for the solutions u. In this process 
we will strongly use (j4.2p . On the other hand, to be able to use (|4.2p we need to have -ff* 
control on the norm of u. This feedback argument can be successfully implemented with 
the help of a standard continuity argument and this will be the contenx of this section. We 
will follow closely the argument in [lOj. 



(5.1) 




where lu is a solution to the initial value problem 
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We start by showing that the functional E(Iu) is almost conserved. We need to define 
new norms. We fix t G [to,T] and define 

Mz{t) ■■= sup {y^ iiv^v^iii.i.([t„,t]xR)) ' 

{q,r) admissible 

with the convention that Piu = P<iu. We observe the inequality 

(^^3) ll(Ei/"if'l,,,s(Eii/"iii?.;)"' 

for all 2 < (7, r < oo and arbitrary functions /at, which one proves by interpolating between 
the trivial cases (2,2), (2, cxo), (oo,2), and (cxo,oo). In particular, (j5.3p holds for all admis- 
sible exponents (g, r). Combining this with the Littlewood-Paley inequality, we find 



1/2 



In particular, 

l|Vu||50([to,t]) ^ ll^lU(i)- 

The appearance of the homogeneous derivative in our definition of the space Z{t) instead 
of the non-homogeneous derivative operator (V) that we used in [9] is imposed by the level 
of the criticality. That means that as the problem is L^-supercritical, the norm of lu'^ 
grows as A grows. Thus using scaling we cannot control the full norm of the rescaled 
solution. This is the reason that we define the Z norm as the homogeneous part of the 
norm. The reader can notice that we control all subsequent quantities by the homogeneous 
part of the norm where scaling works in our favor. 
The dual estimate of (15.31) is 



1/2 II / ^ _ ^^^1/2 



. 'iVl 



L't LI' 



Since the Littlewood-Paley operators commute with i9+A by Lemma 12.21 we have that 
(5.5) \\\V\PNu\\sOi^i) < Mto)\\Hs + \\MPnF\ 



'L^L'^'ilxR")' 



Thus 



[q^r) admissibic 



1 /2 

Ne2^ ' " 



W{to)\\Hs + \\[Yl \PNM{idt + A)\^ 
Ne2^ 



1/2 



Ll LI' 
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where in the last inequahty we apphed (15. 4p . Thus if we apphed the Littlewood-Paley 
theorem in this last inequality we have that 

(5.6) \\u\\z(t) < \\u{to)\\H^ + \\\V\{idt + ^n^fLrr 

Now we define Zi{t) = \\Iu\\z(t)- 

Proposition 5.1. Let s > I — 2iri , k > 2, A; G N, and let u he an solution to (jl.ip 
on the spacetime slab [to,T] x M? with E{Iu{to)) < 1. Suppose in addition that 

(5.7) ll^lli^e,o,T,^§ - ^ 

for a sufficiently small r] > (depending on k and on E{Iu{tQ))). Then we have 

(5.8) Zi{t)<\\VIu{t^)\\2 + N'^Zi{tf''+^ + rfZi{tf''~^+ri' sup E{Inu{s))'t^^ Zi{t). 

se[to,t] 

Proof. Throughout this proof, all spacetime norms are on [to, t] X R2. By dSSl) and Holder's 
inequality, combined with the fact that V/ acts as a derivative (as the multiplier of VI is 
increasing in |^|), we estimate 

(5.9) Zi{t) < ||V/n(to)||2 + ||V/(|np'=n)|| 4 4 < 

||V/n(to)||2 + ||n||2^,4,||V/n||4,4 < \\'^Mto)h + \\u\\ll^kZi{t). 

To estimate ||u||4A;,4fc, we decompose u := n<i + ni<.<Ar + u^n. To estimate the low fre- 
quencies we use interpolation and obtain 

II l|2fc < II ||2 II ||2(fc-l) 
Il'"<lll4fc,4fe ll^llL4L8ll'"<llLoor8(fe-i) 

t ^ 

Since for k > 2 we have that 8(A; — 1) > 2/c + 2 by Bernstein's inequality we have that 

ll'"<l||roor8{fc-l) < ||n<l ||^^^2fe+2 <E{Iu)2k+2 

where we use the energy bound. Thus 

(5.10) \\u<i\\llik<V^ sup E{Iu)^K 
For the medium frequencies again by interpolation we have 



l|2fc <r II l|2 II ||2(fe-l) 
'"l<-<Ar||4A:,4fe \m\LiL»\\'^^<-<N\\ ^ ^ .8(k-i) 



But by Sobolev embedding 

II ||2(A:-1) ^ IMV7I#^ l|2(fc-l) ^ IIV77- l|2(A;-l) 

and thus 

(5.11) \\ui<.<N\\lUk<v'Ziitf^'~'\ 
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Finally to estimate the high frequencies we apply Sobolev embedding and Lemma 12.41 to 
obtain 

lU, It2fc < lllT7|l-r,, l|2fc < Ar-2||Y7r,,|l2fc 

lF>Ar|l4fc 4fc ~ III V| '=UyN\\ 4k ^ ||V7u|| 4^ 

f 4fc r 2fc-l r4fe f 2fc-l 

Since the pair {4k, 2k-i ) admissible we obtain 

(5.12) \\u>N\\TkAk<N-^Mtf''- 

Using (fOIl . ifSl^ . dMU), and (l5T^ we obtain the Proposition. □ 

Proposition 5.2. Let s > 1 — 2k-i > ^ ^ 2, k £ N, and let u be an solution to (jl.ip 
on the spacetime slab [tQ,T] x M? with E{Iu{tQ)) < 1. Suppose in addition that 

(5.13) ll^ll^^.,o,.,^l ^ ^ 

for a sufficiently small r] > (depending on k and on E[Iu[tQ))). Then we have 



(5.14) I sup E{Iu{s)) - E{Iu{tQ))\ 

se[to,t] 

<N-^+(Zi{tf^+^ + ifZi{tf sup ^(/n(s))^ 

^ se[to,t] 

2fc+2-J , (fc-l)(2fc+2-J) 

+ 2^ 2fc-i Z/(t)-^ sup E{Iu{s)) (2fc-i){fc+i) 

j=3 s6[to,t] 



+ Af-i+(Z/(t)2'=+i +r/2Z7(t) sup ^(/ii(s))^ 

^ s6[to,i] 

X (Zi{tf''+^ + j] sup ^(/n(s))^ 
^ se[<o,t] 

-, , 2fc+2-J r -, (fc-l)(2fc+2-J) 

+ ^ -^/(i) sup E{Iu{s)) (2fc-i)(fc+i) 

j=3 s6[to,t] 

X (Z/(t)2'=+i + ?? sup E{Iu{s))^y 



Proof. As 



^E{u{t)) = ^ J MWl'^'^u - Au) dx = ^ J ut{\u\'^''u - Au- iut) dx, 



we obtain 

d 



E{Iu{t)) = Iut{\Iu\^^Iu - AIu - ilut) 
= ^ I Iut{\Iu\^^Iu- I{\u\^^u))dx. 
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E{Iu{t)) - E{Iu{to)) 

= [ (1 

J to JeSI'««=o 



"^(6 + 6 H h 6fc+2) 



Idtu{(,i)Iu{^2) ■ ■ ■ Iu{i2k+i)Iu{i2k+2) d(T{Cj ds. 



As iut 
(5.15) 

and 
(5.16) 



An + Inp'^ti, we thus need to control 



2fc+2 . 



"T-(g2 + 6 H h i2k+2) 

m(6)m(^3) • • •m(^2fc+2) 



A/n(ei)/n(e2) • • • Iu{^2k+i)Iu{^2k+2) da{i) ds 



to 



_ wt(6 + 6 H h 6fc+2) 

E?=r ?»=o "^(6)"^(6) • • • m{^2k+2) 



/(|n[2fcn)(6)/n(e2) • • • /u(6fc+i)/^^(W) ^^7(0 
We first estimate (I5.15j) . To this end, we decompose 



u 



:= J2 Pnu 



N>1 



with the convention that Piu := P<iu. Using this notation and symmetry, we estimate 
(5.17) E B{N,,...,N2k+2), 



Nl,...,N2k+2>l 
N2>N3>->N2k+2 



where 



BiNi,...,N2k+2) 



to 



_ "i(6 + ^3 H h ^2fc+2) 

E?=t' 5^=0 m{^2)m{^3) ■ ■ ■ m{^2k+2) 



AIUNA^l)IUN2{b) ■ ■ ■ IUN2k+i{i2k+2)IUN2k+2{i2k+2)da{C)ds 



Case /: iVi > 1, iVa > • • • > A^2fc+2 > 1- 

Case la. N » N2. 
In this case, 

"^(6 + 6 H \- 6fc+2) = m(6) = ■ • • = m{^2k+2) = 1- 

Thus, 

5(7Vi,...,iV2fc+2) =0 

and the contribution to the right-hand side of (j5.17|) is zero. 
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Case h: iVa > iV » iVs- 

As Yl'i=i'^ ~ 0' must have A^i ~ Thus, by the Fundamental Theorem of Calculus, 

^ _ "T-(g2 + ^3 H h C2k+2) ^ _ rn{C2 H h g2fc+2) 

m(6)m(^3) • • • m(^2fc+2) 

Vm(e2)fe + --- + 6fc+2 



< 



~ iV2' 



Applying the multilinear multiplier theorem of Coifman and Meyer (cf. [6j, and [7]), Sobolev 
embedding, Bernstein, and recalling that Nj > 1, we estimate 

B{Ni,...,N2k+2) 

^ Ar"^^"^i"^''^""^^^2ll4,4ll^"Af3l|4,4 _[_[ il^^^7VJ ||4(2fc-l),4(2A:-l) 

,T 3 2fc+2 

_/vi "I — r "I — r k—2 

11 ll|V|--/n^,|l4(2,_,),4^ 

2 j=i j=4 

The factor A'^g ^ allows us to sum in Ni, N2, ■ ■ ■ , N2k+2 : this case contributing at most 
N-^+Zi{tf^+^ to the right-hand side of (lETTl) . 

Case N2 » A^g > A^. 

As Yli=i'^ — must have A'l ~ A'2. Thus, as m is decreasing, 



+ 6 H ^^2^+2) 



2fc+2j 



< 



m(^2) • • • m{i2k+2) ' 



Using again the multilinear multiplier theorem, Sobolev embedding, Bernstein, and the fact 

1 , 
that 2fc-i is increasing for s > 1 — ^fc,^ , we estimate 



i?(Ari,...,Ar2fc+2) 



< 



m{Ni) 



m{N2) ■ ■ ■ miN2k+2) N2N3 



3 2fc+2 
A^l j-r TT III .litlll 

lli|V/njv,|l4,4 11 |||V| 2.-1 /nAr,||4(2fc_i)^4(^ 
j=4 



2A:+2 



< 



N3m{N,)U'.t+'m{N,)Nf'-' ,=1 



lj=4 



'.Il4(2fc_l),l(-^ 



1 



\\VIUNAU,A\\^IUN^\\AAZi{tf^ 
< AT-I+AtO- II V/njVi ||4,4|| V/UiVa ||4,4^/(t)'^ 



^ Ar3m(Ar3 



The factor A^^ allows us to sum over A^3, . . . , N2k+2- To sum over A^i and A^2! we use the 
fact that A^i ^ N2 and Cauchy-Schwarz to estimate the contribution to the right-hand side 
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of ([STT]) by 



iV-i+(J^ ||V/n^JlI,4)'(E \\VIuN,\\l,yZj{tf'^<N-'^Zi{t) 

Ni>l N2>1 



2k+2 



Case Id-. iV2 ~ iVs > N. 

As ESl^^i = 0> we obtain A^i < N2, and hence m(iVi) > m{N2) and m(iVi)iVi 
m(7V2)A^2- Thus, 



< 



^ _ + -I K 6fc+2) 

"i(6)"i(C3) • • •m(C2fc+2) 

Arguing as for Case Ic, we estimate 



m(iVi) 
,(A^2)"i(iV3) • • • m{N2k+2) 



B{Nu...,N2k+2) 



< 



m 



-(iVi)iVi 



< 



< 



m(iV3)Ar3^^W 



2A:+2 



2fc-l 



The factor A^'g aUows us to sum over A^i , . . . , A^2fc+2 • This case contributes at most 
iV-i+Z/(t)2*=+2 to the right-hand side of I^JT^. 

Case //: There exists 1 < io ^ 2k + 2 such that Njg = 1. Recall that by our con- 
vention, Pi := P<i. 

Case Ila-. Ni = 1. 

Let J be such that > • • • > Nj > 1 = A^j+i = ■ • • = A^2fc+2- Note that we may 
assume J > 3 since otherwise 

B{Ni,...,N2k+2)=0. 

Also, arguing as for Case la, if N ^ N2 then 

B(A^i,...,A^2fe+2) =0. 

^ I'^ this case we cannot have A^2 ^ A^s since it would 
1 A^i =1. Hence, we must have 



Thus, we may assume A^2 ^ A^- In this case we cannot 
contradict Yl'i='i'^ d = and A^i = 1. Hence, we must have 



A^2 ~ A^s > A^. 



As 



1 - 



m{^2 + + • • • + ^2k+2) < 1 

m(6)?7i(6) • • • "1(6^+2) ^ m{N2)m{N3) ■ ■ ■ m{N2k+2) 
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we use the multilinear multiplier theorem and Sobolev embedding to estimate 
B{Ni,...,N2k+2) 

Ni ^ 
^ m{N2)N2m{Ns)Nsm{N4) ■ ■ ■ m{N2k+2) JJi 

J 2fc+2 
-p-j- 2(fc-l) -p-j- 

X 11 ll|Vh'=-i /UiV,|l4(2fc-l),i(^ 11 \\IUNM'^k-l),A{2k-l) 
j=4 j=J+l 

^ 2fc+2 
^ —Zl{ty H II/maTj ||4(2/c-l),4{2fc-l) 



2fc+2 



<iV-2+iV0-^/(t)-' n \\IUN,\Ui2k~l)A(2k-l)- 
j=J+l 

Applying interpolation, the bound for the L^L^ norm of u that we assumed ()5.13p . and 
Bernstein, we bound 

1 2(fc-l) 

(5-18) l|-f^<l||4(2fc-l),4(2fc-l) ^ \\Iu<i\\^YLl\\^'^<l\\j^!L~j^ifi(k-l) 

(5.19) <l|/«<i|l53l|/n<i||J^,+, 

1 fc — 1 

<'q2k=i sup E{Iu{s)) (2fc-i){fc+i) . 



Thus, 



2fc+2-J „ , , 7 , _ (fc-l)(2fc+2-J) 



B{Ni,...,N2k+2)<N-^+N^-il^^Zi{ty sup E{Iu{s)) (^^-DC^+i 

se[to,i] 

The factor ~ allows us to sum in N2 , • • • , A^j • This case contributes at most 

„ , 2fc+2-J , (fc-l)(2fc+2-J) 

N 2Z V^^^^Zi{ty sup E{Iu{s)) (2fc-i){fc+i) 
j=3 se[to,t] 

to the right-hand side of (15.17P . 

Case III,: Ni > 1 and N2 = ■ ■ ■ = iV2fc+2 = 1- 

As Yl'i=i'^ — 0> '^^ obtain A"! < 1 and thus, taking A^ sufficiently large depending on 
k, we get 

^ _ rn{^2+^3 H h6fc+2) ^ Q 

m(6)m(^3) •• -771(^2/0+2) 

This case contributes zero to the right-hand side of (j5.17p . 
Case lie-. Ni> 1 and N2 > 1 = = ■ ■ ■ = N2k+2- 
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As ESI^ = 0' we must have TVi ~ iVs- If iVi ~ iVa < N, then 

_ + 6 H h 6fc+2) ^ Q 

and the contribution is zero. Thus, we may assume A^i ~ ^ Applying the Funda- 
mental Theorem of Calculus, 



+ 6 H \- C2k+2) 



2k+2) 



H \- i2k+2) 



"I (6 



< 



< 



By the multilinear multiplier theorem, 

B{Ni,. . . ,N2k+2) < jr\\^IuNAWA\\IuN2\\'iA n ¥'^Nj\UkAk 



2k+2 



N2 



i=3 



~ ];^ll^-^"iVlll4,4||V/UAr2||4,4||/^i<l||4fc,4fc 

<iV-i+iV0-Z,(t)^||In<i||l^,4,. 

The factor allows us to sum in A^i and Using interpolation, (j2.5p . (j5.13p . and 
Bernstein, we estimate 



\Iu 



<l\Uk 



,4fc < ||/u<i||^4^J/-U. 



(fc-l) 



< r/fe ||/u<i| 



< 



r/fc sup £;(/M(s))2fc(fe+i) . 

se[to,t] 



Thus, this case contributes at most 

-l+„2 



N-'+r]^Zi{ty sup E{Iu{s))T^ 



se[to,t] 



to the right-hand side of (j5.17p . 



Case Ildi Ni > 1 and there exists J > 3 such that iV2 > ■ ■ ■ > A^j > 1 = A^j+i = 

• • • = N2k+2- 

To estimate the contribution of this case, we argue as for Case /; the only new ingre- 
dient is that the low frequencies are estimated via (jS.lSp . This case contributes at most 



2A;+2 

, , 2fc+2-J , (fc-i)(2fc+2-J) 

^ ?? 2fc-i Zj{ty sup E{Iu{s)) (2fc~i)(fc+i) 

j=3 se[to,t] 



to the right-hand side of (j5.17p . 
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Putting everything together, we get 

([5J[5]) < A^-^+Z/(t)2^+2 ^ N-^+7fZi(tf sup E{Iu{s))T^^ 

se[to,t] 

^iii,^ 2fc+2-J , (fc-l)(2fc+2-J) 

(5.20) +N-^^ sup £;(/n(s)) (ifc-DC^+D , 

J=3 sG[to,t] 

We turn now to estimating (I5.16p . Again we decompose 



:= Pnu 



u 

N>1 

with the convention that Piu := P<iu. Using this notation and symmetry, we estimate 



Nl,...,N2k+2>^ 
N2>->N2k+2 

where 



f' f f-^_ "l(g2+e3 + ---+6fc+2) \ 

J to Jj:''tt^ i,=0^ "1(^2)^(^3) • • • m(^2fc+2)^ 



PnJ{\u\'^''u){^i)Iun2{C2) ■ • • IUN2k+ii^2k+l)IUN2k+2(.^2k+2) d(T{C) ds 

In order to estimate C{Ni, • • • , N2k+2) we make the observation that in estimating B{Ni, • • • , N2k+2), 
for the term involving the A^i frequency we only used the bound 

(5.21) \\PnJAu\U,a < 7Vi||V/njvJl4,4 < NiZi{t). 
Thus, to estimate (j5.16p it suffices to prove 

(5.22) ||P^J(jtx|2^)||4,4 < Zi{tf''+^ + 7? sup E{Iu{s))^^, 
for then, arguing as for (|5.15p and substituting (j5.22p for (j5.2ip . we obtain 

^M^<N-^+(Zi{tf''+^+7]'^Zi{t) sup E(/n(s))feT 

^ s&[to,t] 

X (Zi{tf''+^ +7] sup E{Iu{s))T^^ 
^ se[to,t] 

-I , v-^ 2fc+2-J , , (fc-l)(2fc+2-J) 

+ Z^^^^^^^(*) ^(^^^(•5)) (2'=-l)('=+l 

j=3 se[to,t] 
X (Zj{tf''+^ + 7] sup E{Iu{s))^). 



CORRELATION ESTIMATES AND APPLICATIONS. 



39 



Thus, we are left to proving (j5.22p . Using (12. Sh and the boundedness of the Littlewood- 
Paley operators, and decomposing u := u<i + n>i, we estimate 

Il^^i^(l^l''^)ll4,4<l|n||^f2t+l),4(2fc+l) 

^<l|l4{2fc+l),4(2/i;+l) + ll'^>lll4(2A;+l),4(2/c+l)' 



Applying interpolation, (|5.13p . and Bernstein, we estimate 



I ||2A;+1 <^ll II II l|2fc <^ll II 2 A; 

I^<l|l4(2fc+l),4(2fc+l) - lF<lllL4L8|l^<lllL-L«fc ^ '?II'"<1 11^00^2^+2 

k 

< T] sup £^(/u(s))'=+i. 

se[to,t] 



Finally, by Sobolev embedding and (|2.6p . 



U, ||2fc+l < |||Y7l9r^„ ||2fc+l < 7 /+\2fc+l 

I^>l|l4{2fc+1),4(2A:+1) - II I ^ I II ^p,. , i) /(2fc+i) ^ ^Alj 



4fc + l 



Putting things together, we derive (|5.22|) . This completes the proof of Proposition 15.21 □ 

Now we will combine Proposition 15.1! and 15.2! and prove that the quantity E{Iu){t) is 
"almost conserved". 

Proposition 5.3. Let s > 2k-~i ^'^'^ solution to (jl.ip on the spacetime slab 

[to,T] X with E{Ij\fu{tQ)) < 1. Suppose in addition that 

(5.23) ll"ll^te,o,Ti^^ - ^ 

/or a sufficiently small rj > (depending on k and on E(Ifyfu{tQ))). Then, for N sufficiently 
large (depending on k and on E{I]\fu{tQ))), 

(5.24) sup E{lNu{t)) = E{lNu{to)) + N-^+. 

te[to,T] 

Proof. Indeed, Proposition 15.3! follows immediately from Propositions 15.1! and 15.21 if we 
establish 

Zi{t) < 1 and sup E{Inu{s)) < 1 for all t £ [to,T]. 

se[to,t] 

As by assumption E{Ifyfu{tQ)) < 1, it suffices to show that 

(5.25) Zi{t)<\\VlNuito)\\2 foraht e [to,T] 
and 

(5.26) sup E {In u{s)) < E {In u{to)) for all t G [to, T]. 

se[io,i] 
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We achieve this via a bootstrap argument. We want to show that the set of times that 
those two properties hold is the set [0, oo). We define 

Qi := {t e [to,T] : Zj{t) < Ci\\VlNuito)\\2, 

sup E{Inu{s)) < C2E{lNu{to))} 

se[to,t] 

^2 := {t e [to,T] : Zj{t) < 2Ci||V/7vn(to)||2, 

sup E{Inu{s)) < 2C2E{lNu{to))}. 

se[to,t] 

If we can prove that f^i is nonempty, open and closed then since the set [0, oo) is connected 
we must have that = [0, cxd). Thus in order to run the bootstrap argument successfully, 
we need to check four things: 

i) 0,1 7^ 0. This is satisfied as to ^ ^^i if we take Ci and C2 sufficiently large. 

ii) 0,1 is a closed set. This follows from Fatou's Lemma. 

iii) If t £ ill, then there exists e > such that + e] € 0,2- This follows from the 
Dominated Convergence Theorem combined with (jS.Sp and (|5.14p . 

iv) ^2 C ill. This follows from (15. 8p and (I5.14p taking Ci and C2 sufficiently large de- 
pending on absolute constants (like the Strichartz constant) and choosing N sufficiently 
large and rj sufficiently small depending on Ci, C2, k, and E{I]\fu{tQ)). 

The last two statements prove that Oi is open and the Proposition 15.31 is proved. □ 

Finally we are ready to prove Theorem 4. 

Proof. Given Proposition 15.31 the proof of global well-posedness for (jl.ip is reduced to 
showing 

(5.27) \\uh,r^s<C{\\uo\\Hs). 

This also implies scattering, as we will see later by an argument close to what we used to 
obtain Theorem 3. We have proved that 

(5.28) Il'u||f4r8 5, ll'Woliy^ll'wII^^^ -T/o 

\ 1 II IILjLg II UII2 II llioo^l/2(j^]g) 

on any spacetime slab / x on which the solution to ()l.ip exists and lies in Hx^"^ . However, 
1/2 

the Hx norm of the solution is not a conserved quantity either, and in order to control 
it we must resort to the bound on the solution. As we remarked at the beginning of 
this section this will be achieved by controlling ||/u||^i. Thus, in order to obtain a global 
Morawetz estimate, we need a global bound for Hl-uH^i. This will be done by patching to- 
gether time intervals where the norm 1/^4^,8 is very small. This sets us up for a bootstrap 
argument. 

Let u be the solution to (jl.ip . As E{Iuq) is not necessarily small, we first rescale the 
solution such that the energy of the rescaled initial data satisfies the conditions in Propo- 
sition (531 By scaling, 

u^{x,t) := A~^u(A~^t, A"^x) 
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is also a solution to (jl.ip with initial data 

By ()2.8p and Sobolev embedding for s > 1 — 

llV/n^lb < N^-'H\\hs = iV'-^Ai-i-«||no||^., 



||-?'Ar^toll2fc+2 < ||lioll2fe+2 = A^+i ||no||2A;+2 < A^+i ^ ||no||H-- 

Since s > 1 — j^r^ > 1 — > 1 — ^, choosing A sufficiently large (depending on ||uo||h5 
and A^) such that 

(5.29) iV^^'^A^'^^^lluollHi < 1 and AfeTT"'^ ||noi|//^ < 1, 
we get 

E{Inu^) < 1. 

Thus 

s-l 

We now show that there exists an absolute constant Ci such that 

(5.30) ll^i^llL^Ll < C'lA^^^"^^. 
Undoing the scaling, this yields (15.27p . 

We prove (j5.30p via a bootstrap argument. By time reversal symmetry, it suffices to argue 
for positive times only. Define 

ni := {t € [0,oo) : Wu^hfLUmxR^) ^ <^iA^(^"^\} 
n2 ■■= {t e [0,oo) : |k^||L4^j^^^jL8([o,t]xR2) < 2C7iAt(i-i).} 

In order to run the bootstrap argument, we need to verify four things: 

1) r^i 7^ 0. This is obvious as € ili. 

2) r^i is closed. This follows from Fatou's Lemma. 

3) ^2 c ni. 

4) If T G Oi, then there exists e > such that [T,T + e) C This is a consequence of 
the local well-posedness theory and the proof of 3). We skip the details. 

Thus, we need to prove 3). Fix T £ 1^2; we will show that in fact, T G f^i. By (j5.28p 
and the conservation of mass, 

1 i_ 

h^\\Limo,t]xR^) < ll^oll2ll^^^ll^^^i/2([o^^j^^2) 

< A^(i-i)C(||noi|2)i|u^P -1/2 
To control the factor II^'^II^oo^i/2qq 2"j^]j2)) decompose 
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To estimate the low frequencies, we interpolate between the norm and the i?^ norm and 
use the fact that / is the identity on frequencies |^| < 

\\P<Nu\t)\\^^;2 < \\P<Nu'^ml\\P<MuHt)\\l^ 



<X^^^-^^C{\\uo\\2)\\Inu 



To control the high frequencies, we interpolate between the norm and the norm and 
use Lemma 12.41 and the relation between and A to get 



\\PyNu\t)\\^^J, < \\P:,Nu\t)\\[J^\\PyNu\.,/^^ 



2s 



< A(i-27)(i-i)Ar^||/n^(t)||| 

< A5-i||In^(t)|||,. 



Collecting all these estimates, we get 

h^htmrnxm ^ >^~''^'~~'^cihoh) sup {wviu^ml + \\viu\t)\\f). 

te[o,T] 

Thus, taking Ci sufficiently large depending on Huolb, we obtain T G ili, provided 

(5.31) sup ||V/u^(t)||2 < 1. 

te[o,T] 

We now prove that T € 1^2 implies (I5.3ip . Indeed, let r/ > be a sufficiently small constant 
like in Proposition 15.31 and divide [0, T] into 

At(i-i)\^ 



L r 

sub-intervals Ij = [tj,tj+i] such that. 

Applying Proposition 15.31 on each of the sub-intervals Ij, we get 

sup E{lNU^{t)) < E{Inu^) + E{Inu^)LN-^+. 
te[o,T] 

To maintain small energy during the iteration, we need 

LAf-i+~A3(i-i)Ar-i+«l, 
which combined with (|5.29|) leads to 



1- 



^\3(l-i) 



N^-'+^j Ar-i+<c(||no||H^)«l. 

This may be ensured by taking A^ large enough (depending only on k and HuoHji/s 
provided that 

s>sik) :=1-^. 
As can be easily seen, s{k) ^1 as A; — > oo. 
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This completes the bootstrap argument and hence (j5.30p . and moreover ()5.27p . follows. 
Therefore (j5.3ip holds for all T G M and the conservation of mass and Lemma 12.41 imply 



W{T)\\hs< 



for all T G 
(5.32) 



i. Hence, 



< 

< 

< 

< 
< 



Ll + \\u{T)\\^, 

+ A-a"l)||u^(A2r)||^. 

^,+X^-(^-i)\\Iu\\'T)\\Hi 
Li+y-'^'---\\\u\X'T)hi + \\VIuHx'T)h.: 
+ A-(i-i)(Ai-i||no||i2+l) 



Finally, we prove that scattering holds in for s > s^. The construction of the wave 
operators is standard and follows by a fixed point argument (see [4]). Here we show only 
asymptotic completeness. 

The first step is to upgrade the global Morawetz estimate to global Strichartz control. 
Let u be a global solution to (jl.ip . Then u satisfies (I5.27j) . Let 5 > be a small constant 
to be chosen momentarily and split M into L = L{\\uq\\}{^) sub-intervals Ij = [tj,tj+i] such 
that 

< 5. 



u 



By Lemma 12.21 (|5.32p . and the fractional chain rule, [5], we estimate 
while by Holder and Sobolev embedding, 



\2k 



4fc(fc-l) 
2k-l 

16fc(fc-l) 



3fc-2 



{IjXl 



2k 8fc^-13fc+4 
< ^2k-l |||\7[ 8fc^-8fc u 

2k 4k(k~l) 



4fc(fc-l) 
I 2k-l 
I 8fc 

r8fc r 4fc-l 



{IjXl 



The last inequality follows form the fact that for any k >2 we have that 

Sfc = 1 

Therefore, 



1 - IS/c + 4 

> 



4A; - 3 



8A;2 - 8k 



,1+ 



4fc(fc-l) 



ll(V)^n||50(,^) <C7(||no||H^) + 5^||(V)^n||;;(,;p 
A standard continuity argument yields 

\\{'^ru\\sO(I,)<C{\\uo\\Hi), 
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provided we choose 6 sufficiently small depending on k and ||tio||H|- Summing over all 
sub- intervals Ij, we obtain 

(5.33) IKV)^nllsO(M) <C(||no||//.). 



We now use ()5.33p to prove asymptotic completeness, that is, there exist unique u± such 
that 



(5.34) 



lim \\u{t) - e'^'^UiWHs 

t— utoo 



0. 



Arguing as in Section 4, it suffices to see that 



(5.35) 



-*^^(|n|2'=u)(s)ds 



HS. 



as t — oo. 



The estimates above yield 



-^"^(|np^n)(s)ds 



~ .i^ii2Kia.xM2)ll(v)^ii 



,1+ 



4k{k-l) 



IsOCii.ooJxR)' 



Using (|5.27p and (|5.33p we derive (|5.35p . This concludes the proof of Theorem 5. 



□ 
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